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Notes ~ 1

Background

Thisunitisconcerned with providing plenty of spatia work withinaparticular
context. It could justifiably betitled * Puzzling with Pentominoes’.

Pentominoesarejust one subset of the set of Polyominoes.

Polyominoesisthe general name given to plane shapes made by joining
squarestogether.

Each typeof polyominoisnamed according to how many squaresareused to
makeit. So, therearemonominoes (1 squareonly), dominoes (2 squares), triominoes
(3 squares), tetrominoes (4 sguares), pentominoes (5 squares), hexominoes
(6 squares) and so on.

Thoughtheideaof such shapeshasbeen around in Recreationa Mathematics
sincethebeginning of the 1900’s, it was not until thelatter half of that century that
they becameredly well-known.

In 1953 Solomon W Golomb (an American professor of mathematics) first
introduced them and named them (derived from theideaof dominoes) together with
someideas of their possiblitiesfor creating puzzles. They were taken up those
interested but werelittle known outside of mathematical circles.

They werenot brought to the notice of theworldin genera until 1957 when
Martin Garden (in hisfamous columninthe Scientific American) wrote about them,
and they haveremained arich source of spatia recreationsever since.

Pentominoes(madefrom 5 squares) arethetype of polyomino most worked
with. Thereare12inthe st and thismeansthay they arefew enoughto behandlegble,
yet quiteenoughto providediversity.

How thismaterial isused will depend upon each teacher’sowninclinations
and associated environment. It could be amajor project or afew ‘ one-offs'. It
could bedoneby individua sor by groups. It could be abackground activity or an
intensepieceof work aimed a producing an exhibitionfor an open-evening. Whatever,
itisusually enjoyed by most.
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Notes ~ 2

Getting Started

A very good way of starting thiswork off iswith asmall investigation that
might beintroducedin thisway.

We wish to make some shapes using only squares, putting them together
under certain conditions:

Only flat (2-dimensional) shapes are to be made.

Squares must join each other along the full length of an edge.

All the shapes made must differ from one another.

Two shapes are not considered to be different if one can be fitted
exactly on top of the other, turning it over or around if necessary.

We start exploring the possiblities and, sooner or | ater, get organized and
produce results along these lines, always seeing how many different shapesare
possibleeachtime.

Using 2 squares, yiddsonly 1 possibility

thisisadomino (duo=2)

Using 3 squares, gives 2 shapes
thesearethetrominoes (tri = 2)
Using 4 squares, gives5 shapes
these arethetetrominoes (tetra=4)
Using 5 squares, gives 12 shapes

(illustrated e sewhere)
these arethe pentominoes (pent =5)
Using 6 squares, gives 35 shapes
(notillustrated)
these arethe hexominoes (hex = 6)

The number of possible shapes climbs quickly after that and thereisno known
formulaby whichthe number of polyominoescan befound for any given number of
squares. However, work on that continues. In the meantime, computer programs
have been writtento count the possibilitiesand definite valuesare now known for al
cases containing up to 24 squares. Thevauefor 24 squaresisover 650 billion.
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Notes ~ 3

Having found the pentominoesit isthen amatter of making aset towork with.
However thisisdone, they should be cut from card to facilitate handling. So card
withagrid of squaresmarked onit helpsthingsconsderably. Inasimilar way paper
withagrid of squaresmarked onitisuseful whenworking on problems. Know then
that master gridsof varyingsizes(5, 7, 10, 15 and 20 mm) areavailableviathetrol
menu under Lined Grids. Clearly the choice of sizefor the unit square used should
be consistent throughout. 10 or 15 mmisrecommended for those with anormal
adult-level of dexterity, movingto 20 mmfor lessnimblefingers.

Alternatively, master copiesof setsof pentominoesare available (based on
10, 15 and 20 mm unit-squares) to allow the setsto be printed directly on card and
so avoid the necessity for any drawing.

Further points

» Cadusaedshouldbeinavariety of coloursto makeindividud setsasdigtinctive
aspossible, and pupilsshould put their initial son each shape. Usingincorrect
setswith duplicated and/or missing pieces can make many of the problems
elither much easier orimpossible.

» When cutting the shapesout, it isrecommended that the cut bemadeinside
theline. Thismakesit alittle eas er to handlethem when manoeuvring within
the confines of a pre-drawn shape which is based on the same size unit-
square.

 For solving problemsof the space-filling variety, itisbest to draw therequired
shape on squared-paper and place the pieceswithinthedrawing. Inany case,
squared-paper will be needed for drawing the solutions.

* ldentifying the piecesisessential, and the generally accepted way of doing
thisisused hereinthisunit. Thereisan ohp master showing the necessary
letters. A littlediversion could be provided by first asking what letterscould
beused, or perhapsgiving the 12 | ettersand asking for therequisite matches
to be made.

Sources of further information

The standard work onthe subject is
Polyominoes, puzzles, patter ns, problemsand packings.
SimonW Golomb
Princeton University Books 1994 ISBN 0-691-08573-0

This is not only a complete book on the subject, but also contains a very
largelist of other published sourcesabout Polyominoesand similar sorts of
ideas.

For even moreinformation (aswell asgetting later resultson some problems)
look on the Web. For exampl e, giving the search-engine

www.google.com
theentry
pentominoes

will find morethan 3,000 possibilities, some excellent, some useless. You just
havetolook and choosethosethat suit you.
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Notes ~ 4

Further activities

Analysethe shapes. What symmetries do they have? How many ‘ corners
doeseach have (convex and concave counted separately) ?How many ‘joins,
that iswhere squarestouch edgeto edge? What aretheir perimeters? What
rel ationshi psexist between thesevalues?

Invent aconfiguration and, given only theoutline, invite othersto solveit.

Play a‘covering game'. Two players. Use one set of pentominoes and a
suitable board made of unit-squares. An 8 by 8 isagood size. Playerstake
turnsplacing apentominoto cover squares. Pentominoesmugt ‘fit' thesquares
and may not overlap any already placed. Player whoislast ableto placea
piecewins. Strategies?

How many pentominoeswould therebeinthesetif, whenlooking for different
shapes, it was not permitted to turn them over to match? Thisextended setis
known asthe one-sided pentominoes, and has not been investigated very
much.

Investigate the hexominoes. Asthereare so many (35) itisbest to deal with
asubset using somecriteriato sort them out.

Itisnot only squaresthat can be used asabasi sfor making shapes. Equilateral
trianglesareanother profitablelineof investigations. Useisometricgrids, aso
availablefromthetrol menuunder ‘ Dotted Grids . For Starters, try 6 triangles,
these arethe hexiamonds.

Shapesin 3dimensions. If the pentominoes are made using cubesinstead
of squares, then it becomes possible to work with 3-dimensional shapes.
Notethat theseareonly 2-dimensiond pentominoeswhich havebeengivena
‘thickness' of 1 unit. It does not mean that 5 cubes are assembled in
3 dimensions, as this would admit several more shapes. (These are the
pentacubes and there are 29 of them.)

Having made them, the simplest problem thenisto put al 12 together to
makeacuboid. Clearly it will haveavolume of 60 cubes, and it can bedone
asa3by4by5; a2by5by6; a2by 3by 10. All of them are possible.

8of these'solid’ pentominoes can be assembled to make atwice-sizereplica
of amost any one of them. ItisNOT possiblefor thel, T, W and X.

Thereare many other interesting shapeswhich can be set aspuzzlesto be
copied.

Sincethereisonly likely to be one set of these available, thisisan activity
more suited to say aMaths Club.



Some Notes on the Problems ~ 1

Problems 1 and 2 arethesmplest of space-filling problemsand serveasanintroductionto all that
follows, especialy with regard to getting familiar with identifying the pieces. Since solutionscan
befound in abundance, arelatively easy task isto requireadisplay to be made up.

Problem 3 isalittlemoredifficult thanthe previoustwo but could dso beused tolaunch aninvestigation.
How many different 5 by 5 squares can befound? This could be an on-going investigation, or
competition, involving thewhol e classwith resultsbeing drawn and posted-up asthey arefound.
It doesrequire arecord-keeping system and/or notation that will allow repeatsto be spotted.
Notethat in some casesthe samefive pentominoes can be put together intwo different ways.
Alsonotethat 5 piecescan bechosenfrom 12in 792 different ways, but that not al of them can
be assembl ed to make asquare!

Problems 4 and 5 arealittleharder and arealso presented in adifferent way.

Problem 6 offersachange and could well be set asachallengeto be done outside the classroom.

It could be pointed out that the exampl e offered could beimproved considerably by simply
altering the positions of afew of the pentominoes. For example, reflecting VvV and W about a
horizontal line producesanincrease of 11 squares, whilemoving the U outwardsgive another 5,
andthereare several other gainful changesto befound.
Themaximum possibleareaof afiedis126 squares.
Anextenson of thisactivity istoimpose either one (but not both) of theserestrictions:

« theinsdeof thefield must bearectangle

» the outer perimeter must bein the shape of arectangle.

Problem 7 Something different again. The X pentominoisthe easiest oneto seewill doit, but most
people actually need to ‘bend up’ some of the pentominoesto seeif they work. Only four
pentominoeswill NOT providethe correct net.

Problem 8 isagood oneto take away and do - onceit has been checked that the requirement has
been properly grasped.
Problem 9 Before embarking on thisit isnecessary that what constitutesatessellationisclearly

understood - emphasi son pattern, repetition and no holes.

A suitablefollow-onwould betofind dl thedifferent waysinwhichtheF pentominowill tessdllate.
Theunit on Tessdllations (al so to befound from thetr ol menu) hasasheet which givessomeidea
of what isrequired.

Problem 10  Sinceit saysthat two cannot bedone, and oneisgiven asan example, only nineremainto
befound. Thiscould be givento agroup, requiring them to makeall nine solutionsand present
themintheformof aposter.

Problem 11 Could bedoneinasimilar manner to the previousone, but now all twelve can bedone
including adifferent solutiontotheV.

Problems 12 to 15 Bigger and bigger rectanglesto befilled.

Problem 16 Thisonecould besolved by using the Problem 4 example plustherequired solution.
Asanextra, ask for the 15 by 4 rectangleto befound.

Problem 17 isahard onewhichiswhy apartial solutionisoffered.
If morehelpisneeded, offer (oneatatime) | P U X togoontheleft-hand side of those
already provided.
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Some Notes on the Problems ~ 2

Problem 18  introducestheideaof shapeswith‘holes inthem.

Inthiscasetheholecan beinany oneof ten different positions (ignoring symmetrica variations)
and it could be asked, of agroup say, tofind solutionsto all ten possible cases.

Problems 19 and 20 arenot too difficult sincethe shapesaregiven.

Problems 21to 23  thoughsimilarinformto the previoustwo, are harder because the shapethat has

to bemadeisnot given.

A much harder extraisto dividethefull set of pentominoesinto three groupsof four and make
each group into the same shape. Itisunlikely to solved if merely stated in that form.
Thefirsthintisthat onegroupis Y N L P

The second hintisthat another groupis F W T |

But eventhenitisgtill not an easy problem.

Problems 24 to 43 20 problems. Sharethem out.

Making Models Not problems, just pleasurabl e activitiesmaking thetwo model sofffered here.

Solutions
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They arethetetrahedron and the cube. Print on white card to allow for colouring-in, they are
nothing without that.

Establishingjust how thecorrect arrangement of the pentominoeswasfoundisprobably beyond
the scope of most classrooms, thoughiit iseasier to seewith the tetrahedron than the cube. On
the cubeitisworth looking closely at what has happened to the W pentomino and convince
yourself itiscorrect.

Asachallenge, ook at Problem 36. Cut off the bottom six squaresand it isthe net of acube.
That means|osing one compl ete pentomino and one square off another, or losing one square of f
each of Sx pentominoes. Thechadlengeistodesigna‘fudge’ that will, at first glance, passmuster.

No solutionsare provided, except for afew to the problem of making arectanglefromthe
complete set. Three (10 by 6, 12 by 5 and 15 by 4) are drawn large on asingle sheet which
could beused to make an ohp transparency. They areonly givenin outline herebut woul d benefit
from being coloured-in. Apart from being solutions, perhapsonly needed for * encouragement’,
they can be used for another activity. Expose one of the drawingsfor say 2 seconds (count
elephants) and then cover it over. During the exposure period, pupilsmay not do anything but
only look at the screen. During any timethedrawingisNOT on view, pupilsshould attempt to
re-createit ontheir desksusing their own sets. How many exposures are needed beforethefirst
copy iscompleted? (Or all copies?)



Pentomino Problems 1 ~ 5

1. Onthe rightis shown how the 3 pentominoes P, U and V
can be fitted together to fill a rectangle which covers an
area of 15 (5 by 3) squares.

Find at least two other ways of filling a rectangle of the
same size with 3 pentominoes

2. Onthe rightis shown how the 4 pentominoesL, P, Tand Y
can be fitted together to fill a rectangle which covers an
area of 20 (5 by 4) squares.

Find at least two other ways of filling a rectangle of the
same size with 4 pentominoes

3. Onthe right is shown how the 5 pentominoes L, P, T, U
and X can be fitted together to fill a rectangle which covers
an area of 25 (5 by 5) squares.

Find at least two other ways of filling a rectangle of the
same size with 5 pentominoes

4. On the right is shown how 6 pentominoes can be fitted
together tofill a 5 by 6 rectangle.

Use the other 6 pentominoes from the full set of 12, to fill
another 5 by 6 rectangle.

5. Usethel, N, V,W,Y and Z pentominoes to make a 5 by 7
rectangle.
Then use the other 5 pentominoes from the full set of 12,
to make a 5 by 5 rectangle.
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Pentomino Problem 6

6. The drawing below shows the full set of 12 pentominoes arranged to enclose a ‘field’.
Notice that the pentominoes must touch along the full edge of a square and not just at the corners.

It can be seen (by counting) that the field encloses an area of 59 squares.
How many squares can you enclose inside a pentomino field?
You can grade your attempts by reference to this table.

Area Grade
under 70 not trying!
71-80 E

81-90 D
91-100 C

101 - 110 B

111 -120 A

over 120 Super!
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Pentomino Problems 7 ~ 11

7. From the complete set of 12 pentominoes, which ones would be suitable to use as drawings
of a net which would fold up to make an open-topped box. That is, a box without a lid.
You will have to ignore the need for flaps to hold it together.

8. Itis possible to fill a 5 by 10 rectangle using 10 copies of the Y pentomino.
Make a drawing to show how this can be done.
The drawing should be coloured so that the separate pentominoes can be seen.

9. Any one of the 12 pentominoes can be used as the basic shape for drawing a tessellation.
That is, using the same shape over and over again so as to fill up a flat space without
leaving any holes. It is easier with some than with others.

The easiestarethel,L,N,P,V,W,Y and Z.

The F, T, U and X are a little more difficult and, if you are not careful, you will soon find holes
appearing. Make a drawing to show how one these will tessellate.

You need to make the drawing big enough so it is easy to see how the pattern repeats.
That probably means drawing at least 20 copies of the shape you are using. The careful
use of colour helps to show how the pattern repeats itself.

10. The drawings on the right show how 4 pentominoes

have been put together to make a copy of the Z
pentomino. The copy is twice as big as the original in

every direction which means itis four times the area.

Choose any other pentomino (except the V or X
for which this cannot be done) and make a copy
of it twice as big using the other pentominoes.

11. From the complete set of pentominoes
choose any one and set it aside.

Then, from the remaining 11, use any 9 to

make a copy which is 3 times bigger than

the one first chosen. (Note it is 9 times
bigger in area.)

The example shown on the right is for the

V pentomino.
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Pentomino Problems 12 ~ 17

Any single pentomino covers an area of 5 squares. So the | pentomino by itself will fill a rectangle
(1 by 5) having an area of 5 squares.

A rectangle, made of pentominoes, having an area of 10 squares must be 2 by 5in size, butitis
not difficult to see that no two (different) pentominoes can be found that can be put together to
make a rectangle of that size.

The next smallest rectangle that can be made is the 3 by 5 with an area of 15 squares.

Then there is the 4 by 5, the 5 by 5, the 6 by 5 and the 7 by 5, and this covers all the possible
rectangles up to an area of 35 squares.

12. When we get to an area of 40 squares, for
the first time two differently sized rectangles
become possible. It can be done with an
8 by 5 or a 4 by 10. Here is one possibility,
from among many, for the 8 by 5

Make a drawing to show how it can be done
for the 4 by 10.

13. Arectangle having an area of 45 squares can be madeasa3 by 150ra9by5. The
first would be a solution to the triplication of the | pentomino (in Problem 11).
Find, and draw, a solution to the second.

14. Make arectangle with pentominoes which has an area of 50 squares.
15. Make arectangle with 11 pentominoes.

The wusual puzzle with
pentominoes requires a
rectangle to be made which
uses all 12 of the pieces. Such
a rectangle clearly must have
an area of 60 squares. It can
be done in four different ways:
asal2by5,asalOby6,asa
15 by 4, as a 20 by 3.

One solution, (to the 12 by 5)
from many thousands, is shown
on the right.

16. Find asolution to the 10 by 6 rectangle.

17.  Whilst many of these problems can have thousands of solutions, the 20 by 3 rectangle
can only be made in three different ways. The start of one is shown below.
Find, and draw, a complete solution.
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Pentomino Problems 18 ~ 23

The normal-sized chess-board is made up of 64
squares arranged in an 8 by 8.

Since there are only 60 squares in a full set of
pentominoes it would not be possible to use them
to cover a complete chess-board. However, it is
porrible to cover a chess-board provided a ‘hole’
of 4 squares (ina 2 by 2) is leftin it. An example is
shown on the right.

A solution is possible no matter where that hole is
placed. (The hole is the shaded square)

18. Find a solution to covering the chess-board
with the hole placed exactly in the middle of
the board.

It is not too difficult to fit two pentominoes together to make
a total shape and then choose two other pentominoes
which fit together to make the same total shape.

This has been done in the drawings on the left, where it

can be seenthatthe | and L have first been put together

to make one total shape, and then the W and N have
been used to make the same total shape.

19. Fitthe Z and P pentominoes together to
make the same total shape asthe Fand T
shown on the left

L L

20. Find two pentominoes which can be fitted
together to make the same total shape as
the I and U shown on the right

21. Putthe V and Z pentominoes together to make the same total shape as the L and N
22. Putthe W and X pentominoes together to make the same total shape asthe Pand Y

23. Putthe V and X pentominoes together to make the same total shape asthe Uand Y
Note that this shape has a ‘hole’ in it.
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Pentomino Problems 24 ~ 35

Each of the shapes shown on this sheet can be made
using a complete set of the 12 pentominoes.
(The black squares represent holes.)

24. [
25. ] 26.
27. 28. - . 29.
H N
H N
H |
30. 31. 32.
i -
|
L
LI .
33. 34. 35.
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Pentomino Problems 36 ~ 43

Each of the shapes shown on this sheet can be made
using a complete set of the 12 pentominoes.
(The black squares represent holes.)

36. 37. 38.

39. 40.

41. 42.

L m .
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Pentominoes on a Regular Tetrahedron

This net will make a regular
tetrahedron which has been
decorated over its 4 faces with the
12 pieces of a complete set of
pentominoes.

To make

Cutout along all the lines which form
the outer edge of the net.

Score and crease along the ‘broken’
lines, and fold it up into position 1 7
(without glue) so as to get an idea -

of how it will look.

Colour-in the pentominoes, taking -
care to match up the pieces which P
are ‘folded’ around an edge. -

Glue the tabs in the order in which -
are numbered. —

e
e
e
e
e
e
e
e
~
k/
™~
N
N
N
N
N
N
N
e N
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This net will make a cube which has
been decorated over its 6 faces with
the 12 pieces of a complete set of
pentominoes.

Pentominoes on a Cube
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To make

Cutout along all the lines which form
the outer edge of the net.

Score and crease along the ‘broken’
lines, and fold it up into position
(without glue) so as to get an idea
of how it will look.

Colour-in the pentominoes, taking
care to match up the pieces which
are ‘folded’ around an edge.

Glue the tabs in the order in which
are numbered.
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Pentomino ldentification
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10 mm
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15 mm
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20 mm
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10 by 6

12by5

15 by 4
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